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SUMMARY

Temperature gradients in the steady state arc calculated for columns of
electrolyte solution having rectangular section, and uniform bore, for-various power
dissipations. Wall thickness and material are allowed for. Fillings having zero, posi-
tive, and negative temperature coefficients of resistivity are calculated, correction
being made for non-uniform current density. For negative coefficients, central-
peripheral gradients are more severe than simple theory suggests. especially at higher
powers, but this tendency is very much less than in circular section columns.

INTRODUCTION

Central-peripheral temperature gradients have been calculated previously,
assuming a zero temperature coefficient of resistivity and uniform density of current
through the lumen section. In this paper, these gradients are recalculated without
these simplifying assumptions. For negative coefficients, gradients are more severe,
increasingly so at high power dissipations. But the case is far more favourable than
in circular section tubes, even more so than simple theory indicates. Wall thickness,
however, has a larger influence for thick walls than is the case for cylindrical columns,
Similar calculations, using Bessel functions, are given in a previous paper of this se-
ries'. A discussion of the anticipated effects of these gradients in clectrophoresis, and
a comparison of results of digitally computed gradients, in the context of factors
determining the ideal column shapes and thermal properties, are given in a preceding
paper3. A further paper® describes programming and digital computation of the
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gradients calculated here and in ref. 1. The results of this work were briefly reported
at a symposium in 1971, by the second author®, at whose instigation this project was
undertaken for the reasons outlined in refs. 1 and 2. The treatment has subsequently

been extended at the second author’s suggestion to the unsteady state by Coxon and
Binder?®,

THEORY

For an electrolyte of zero temperature coefficient of resistivity?

Consider a rectungular-section column filled with electrolyte. Assume it to be
long enough to neglect end effects in a medial and uniform region. Assume the ratio
of lengths of adjacent sides of the rectangle to be large enough to neglect edge effects.
Assume that heat is uniformly generated in the electrolyte, and that there is no
thermal convection or other internal fluid movement. Assume a zero temperature
coeflicient of resistivity and thermal conductivity?, Assume that a steady state pertains,

and the column exterior is perfectly cooled and thermostatted. Using the listed sym-
bols, which refer to the tube section normal to the long axis

d3: We

dx@ T T Tk,

Solving by Laplace transforms, the subsidiary equation is

W,
25 0
pri= kip
SO
je — W
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For the column material
W, — kz(Tz""TJ)
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The limits for eqn. I are

Nx=a,l =T,
and

de
x =0, I~ =0
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Using these and eqn. 2, we obtain

N W, d o4 w, a&
T+ 2QRa+ Mk, A 2abk, 2
SO
. W, d at
A=T +— [(2a i T Tab g ]

Substituting into the original equation

. W, d a — x*?
T=T +— [(Za—}—b)/cz - Zabk,]
When y =0
- W, d ; a
=7 +— [(2a-l~b)k2 F2b/<,]

For positive and negative coefficients

d2r Woel +an
dv ke,

so
dr  Wyar W
dx? ke, Iy

Solving by Laplace transforms, the subsidiary equation is
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Inverting

! = l? [cos (.\'V——%"—l—a—) — 1]

For the tube material
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2(2a + b) d
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For eqn. 5 the limits
x=a,t=T,

and

dr
dx

N =0, = 0

apply. Using these and eqn. 7

W, d 1 W,
To=Ti+ 5o = a L cos (a |/ /cola)*' 1]

SO R

‘ W, d ’ 1
o [T, + ! A1 ‘
( 22a - b) k, ) cos (a V u;: a)
. . 1

Substituting in the original equation, and using

ﬁ=1/ W, a

A =

k,
then
__ cos(fix) L w,d _ I
" cos(fa) [T1 +a T3 Ra + b) k, ] a (&)

This expression is valid for both positive and negative values of the coefficient a.

For negative coefficients
Where « is negative, we have to evaluate the cosines of imaginary numbers

xZ \.4 \.b

ST et

cos N =1—
SO
2 \:4 \.h

cos (ix) = 1 —{~-—'%—!--|- _'?4_!_ - —6‘— RN

which is also the value of cosh (x), which series we may use in digital computation.
So for negative a, the temperature expression becomes

cosh (yx) |

W,d
cosh (ya) |

I
RN £

1
T+
where
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The relationship of W, and W,

Consider an clement in the column section parallel to b, of width b, and
thickness dx, a distance x from the central line of the tube section

(]
W, =2 W, f (1 +-at)bdx
0

From eqn. 8
1 W, d (A x)
=3 {[ a (T: + 3(2a —{-(b) % )+ 1] 222 <§;) )~ l}
SO
“ W, d (px) .
W, =2 W, of blaTi+ (3a + Z) ol [ ccs (/;; (\1) e

__2Web W, da N g L
— s Tt Taar ma S s o

_ 2b Wya(Qa + b) ky tan (B @) i _1_
= [(2a+b)k3[3’—— W admnga (Tt w) (0
which is valid for positive a. Similarly for negative a
i 2bWyaRa -+ b) kytanh (y a) ) L
W, = [(Za + b))k, y — Wobadtanh(ya)](T' + a) (b

Current density correction
The foregoing theory is valid only for uniform current density. But current
density cannot be uniform for coefficients of resistivity other than zero?-*. To correct
for this, modify eqn. 5 to
d?¢ Wo 1
Tdx?r ky 14 at

To render this more easily soluble, let

and substitute negative p for positive a and positivé ¢ for negative a in eqns. 8-11.
For positive a and negative u

cosh (y x) | W, d |
cosh (y @) [T‘ * m +3 (2a + b) k, ] m (12)
and
W, — [ 2b Wo e Qa -+ b) k, tanh (y a) ]( n _l_) (13)

RCa+ bk, y — Wy b pdtanh (y a)
and for negative a and positive ¢

__ cos(fBN) 1 d . L
~ cos(Ba) [Tl + " * 2(2a 4 b) k, ] 1t (14)
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and

Wr=[ 2b Wy e Qa + b) ky tan (B a) ]( I) (15)

Ca+ 0k, — Wobudtan (B a) T+ m

Calculation of u

In practice (1 4+ at) is an approximation of a series (1 -+ ar -+ f7%). Plotting
the reciprocal of the latter against ¢, an approximately straight line is obtained, of
gradient ¢ = 0.033, using values for 0.1 mAM KCI% This value was therefore used in
digital computation. Above 34°, for T, of 4°, the relation is less lincar and therefore
less reliable.

CONCLUSIONS

Comparison of equations for zero and negative temperature cocfficients of
resistivity, in the latter case allowing for non-uniform current densities, shows that for
electrolyte solutions there is an increase in central temperature not previously allowed
for. This is less severe than in the case of circular column sections, dealt with in the
previous paper. On the other hand, wall thickness has a greater influence. The
comparison between circular and rectangular sections favours the latter more than
was apparent from simple theory, particularly if the walls are thin compared to the
lumen. As in circular sections, positive coeflicients are palliative.

SYMBOLS AND UNITS

a = half-thickness of interior of column

x = values of a from zero to a

b = width of column

d = thickness of column wall

k, == thermal conductivity of electrolyte, cal-sec™'-cm~!-°C~!

k,; = thermal conductivity of wall material, cal-sec™!'-cm~!-°C-!

t, T = temperature

7, = temperature at wall exterior, °C

7, = temperature at lumen periphery, °C

7, = temperature at lumen section centre, °C

W, = nominal power dissipation assuming a zero value of a, or at switch-on at T,
cal-cm~3

W, = actual power dissipation, per unit length of column, cal-cm=!

7, p = operators in Laplace transforms

a = temperature coeflicient of resistivity of electrolyte, °C-!

B ='I/aW0

k,

# = a function of a
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